Statistics 11
Professor: Marcelo J. Moreira
TA: Luan Borelli

Problem Set 2
Solutions
August 10, 2023

1. Show that tr(C'D) = vec(C) vec(D) and that tr(C'D) = tr(DC") for p x q matrices C
and D.

Solution. Let ¢; and d; denote the i-th columns of C' and D, respectively. By partitioning

C = [cl Cy cq] and D = [dl do dq] we have
ch ddy ddy -+ dd,
c chdy dydy - chd
O'D — '2 [dl d2 dq}: 2.1 2'2 2%q
Cy cgdy cdy - cdy
Thus
dy
q ds
tr(C'D) =Y dd;=[¢, & -+ d] || =vec(C)vec(D).
— :
J 0

It is also easy to see that
q q q p q p q
tT’(DCl> =1r <Z de;») = Ztr(djc;) = Z Zdijcij = Z Zcijdij = ZC}CZ]‘ = tT(O/D),
j=1 j=1 j=1 i=1 i=1 j=1 i=1

where ¢;; and d;; denote the (7, j) entries of C' and D, respectively. O

2. Let A and B be two symmetric and positive definite k x k matrices. Prove that (I, — A)
is positive definite if and only if (A™1 — I,) is positive definite. Extend this result to show
that (A — B) is positive definite if and only if (B~1 — A™1) is positive definite.

Solution. For this proof we will be extensively using the well-known fact that if X > 0, then
C'XC » 0 for any conformable C, where “> 0" here reads “is positive definite”. This is just
a notation.

First, we shall prove that I, — A =0 <= A1 -1, = 0.

( =) Since A is symmetric, so is A~!. Therefore there exists A~'/? symmetric such that
A~ = A7Y2A71/2 Notice that I;, = A~"/2AA/2! We have that

A7 I = ATV2ATY2 A2 AATY?E = ATV, — A)ATY2 - 0.

Observe that

A—1/2AA—1/2 — A—1/2(A—1)—1A—1/2 _ A—l/Z(A—1/2A—1/2)—1A—1/2 _ A—l/Q(A—1/2)—1(A—1/2)—1A—1/2 = I.
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The conclusion follows from the fact that I, — A = 0, by hypothesis.

( <= ) Similarly, since A is symmetric, we can find A2 such that A = AY/24Y2. Notice
that I, = AY2A1AY2 We have that

AL — I, = AVZATTAY? — AV AYE = AYV2(ATY — 1) AY? - .

The conclusion follows from the fact that A=! — I;, = 0, by hypothesis.
Now we shall use the above result to prove that A — B =0 <= B! - A~1 > 0.

(=) Observe that
A-B»0 = AV(A-BA?»0 = I,—A'?BA? 0.
From the previous result, this implies AY/2B~1AY2 — [, = 0. Therefore
Bl m ATl = ATVPAV2 B AR A2 A2 A2 = A2 (A2 B A2 ) ATV s ),

( <= ) Since B is symmetric, there exists B'/? symmetric such that B = BY2BY2. We
have that B~' — A~' = 0, whence BY?(B~' — A=')BY/2 = 0. Thus I, — B/?A7'B'Y? » (.

The result from the first part implies B~Y/2AB~Y2 — I;, = 0. Therefore
A—B= B1/2Bfl/2ABfl/ZBl/2 . Bl/2]kB1/2 _ Bl/Q(Bfl/QAB71/2 i ]k)B1/2 0.

3. Let n;; and my; be the (i,7) elements of N = X(X'X)™*X" and M =1 — N.

(a) Show that 0 <n; <1 and 0 < m;; < 1.

Solution. Let e; denote the i-th canonical vector. By spectral decomposition of N, we can
write

ni; = e;Ne; = e;,SAS'e; = (S'e;) AS"e; = v Av,

where A = diag(\1,...,\,), S is orthogonal and v = S’e;. Here, we arrange eigenvalues in
increasing order: A\ < Ay < --- < \,. Observe that v'v = €/55’e; = ele; = 1, so by denoting
v; as the i-th element of v, we can write

n n n
A= Mo = Z M2 < Z Nl < Z MV = \0'v = A,
i—1 i—1 i—1

v Av

Since N is idempotent, all of its eigenvalues are either 0 or 1. Therefore 0 < n;; < 1. Since
my; = 1 — ny;, it also follows that 0 < m; < 1.



Statistics 11 Problem Set 2 - Page 3 of 14 August 10, 2023

An alternative one-line proof is

Nz _ e.Ne; 2’Nx
0 = A\{ = min < 4+ — < max =\, = 1.
z T’z €,€i ¢ x'x
1
Both inequalities follow from the Rayleigh quotient. n

(b) Find all of the eigenvalues of N and M.

Solution. As argued in (a), since N is idempotent, all of its eigenvalues are either 0 or 1.
The same holds for M, as it is also idempotent. Here I shall prove this result. Let A be any
idempotent matrix. By eigendecomposition, A = HAH !, whence

AA=HAH 'HAH ' = HAAH ' = HA’H™ !,

Therefore A = A%, and hence \; = X? for all i = 1,...,n. Thus each )\; must be equal to
either zero or one. O

(c) Interpret geometrically the vectors Ny and My.
Solution. Let Y = X[ + e. Observe that

NY = X(X'X)'X'Y = Xfors =Y.

and MY = (I - X(X'X)'X)Y =Y — X(X'2)7'X'Y =Y — XfoLs = é.

Therefore X
NY + MY =Y +e. (=Y)

Observe that NY + MY = (N + M)Y = IY =Y, so Y = NY is the “part” of Y that
is in the column space of X, while ¢ = MY is the “part” of Y that is orthogonal to the
column space of X. To visualize, examine Figure 1. This displays the case n = 3 and k = 2.
Displayed are three vectors Y, X, and X5, which are each elements of R®. The plane created
by X; and X5 is the column space of X. Regression-fitted values are linear combinations of
X7 and X5 and so lie on this plane. The fitted value Y is the vector on this plane closest to
Y. The residual é = Y — Y is the difference between the two. The angle between the vectors
Y and é is 90°, and therefore they are orthogonal as shown.


https://en.wikipedia.org/wiki/Rayleigh_quotient
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Y

D>

X4

Figure 1: Projection of Y onto X; and Xj.

(d) Show that the null space of N is the column space of M.

Solution. Let v € R™. If v is in the column space of M, then Mx = v for some x. Hence
Nv = NMxz = 0. Thus v is in the null space of N. Conversely, if v is in the null space of
N, then Nv = 0 and hence —Nv = 0, whence v — Nv = v. Thus (I — N)v = v. Therefore
Mv = v, which means that v is in the column space of M. O

4. Suppose that the n x k matrix X = (X1, Xs) has full column rank. Let X5 = M; X, be the
n X ke matrix of residuals from the auziliary regression of Xo on Xy. Show the following:

(a) rank(X3) = ko.

Solution. Being the annihilator matrix associated with X, M; has rank n — k;. Since X is
full column rank, so is X5. Therefore X5 has rank ks. It follows that

rank (X)) < min{rank(M;),rank(Xs)} = min{n — ky, ko }.

If ko > n— ky, then ki + k3 = k > n, contradicting X being full column rank. Thus we must
have ky < n — kq, so
rank(X;) < k.

Suppose by contradiction rank(X;) < ke. Then X5 is not full rank and hence there exists
a=(ay, - ,ag) € R2\{0} such that

X;OZ:O <— M Xoa=0 <= Xsoa= N Xs0.
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Since N, Xsa is a projection of Xsar onto the column space of X, there exists w € R¥* such
that X;w = N1y Xsa. Therefore

Xoa = Xjw <= Xjw—Xpa =0 < [X; X [_wa} —0 < Xv=0.

~——
X N——

But since v = (w, —«) # 0 (recall that o # 0), this contradicts X being full rank. O
(b) Nx — Ny is symmetric and idempotent.
Solution. For symmetry, just notice that

[Nx — V1] = [ X(X'X)7'X" — X4 (X1 X)) 7' X))
X(X'X)7 X = [Xu(X1 X))
— X(X'X)' X — X, (X!X,)"1X! = Ny — N,.

=
=

For idempotency, write
Nx—-Ny=Nx—I+1—-Ny=1—-—N,—(I—Nx)=M, — My
and notice that

(M) — My)? = M2 — MMy — My M, + M2
(Idempotency) = My — MiMx — MxM; + Mx
=M, — Mx.

The last equality follows from the fact that
MMy = MxM; = Mx.
Indeed, since MxX; = 0,51, ,>
MxM; = Mx — MxX1(X|X,) ' X| = My,
and

MMy = Mx — X1 (X X1) ' X| My
= My — X1 (X1 X1) " H(MEX,)
= Mx — X1(X] X)) ' (Mx X)) = Mx.

2X, is in the column space of X, so this is expected. Observe that

MX :M[Xl : XQ] = [MXl : MXQ] =0,xr < MX; :Onxk1 and M Xy :Onxk2~
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c) Nx - Ny = Nxz=, that is, the orthogonal projection on the span of X, .
2 2
Solution. Define
A= I, —(X1X) XX,
— 10 Iy,

and consider the orthogonalizing transformation Z = X A. Observe that

2(Z'2)7' 7' = XAAX'XA)T'TAX = XAATN(X'X)TATTA X = X(X'X) 7' X" = Nx.

We have
iy —1 v
Z=XA=[X X ly =(GX0)7 XX,
0 Iy,
= |:X1 —X1<X{X1)71X{X2 +X2:|
= [Xl Xy — Nng]
= [Xl Mng} = [Xl X;} ,
and hence /
YA YT R X1
7' =AX = {XS/ .
Therefore
/ I~ _Xi
77 =AX'XA= _X;’} [Xl XQ}

_[xx XX
X5'X, X3'X;
(XIX;, 0
0 XJX;|

where the last equality follows from the fact that X; is orthogonal to X;. Indeed, X|X; =
X{MlXQ = (Mle)/XQ = 0. It follows that

! -1 __ (X{Xl)_l 0
(Z2)" = [ 0 (Xyxg)
and thus
o / —1r7r * (Xixl)_l 0 Xi
Nx=Z(Z'Z)"Z" = [Xl XQ} { 0 (X;’X;)_l X3

XXX+ X (X X)X
== Nl + NX;;

whence Ny — N = N X3, s desired. O
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5.1. (3.2, Hansen| Consider the OLS regression of the n x 1 vector Y on the n X k matriz
X. Consider an alternative set of regressors X = XC', where C is a k x k non-singular
matriz. Thus, each column of Z is a mizture of some of the columns of X. Compare the
OLS estimates and residuals from the regression of Y on X to the OLS estimates from the
regression of Y on Z.

Solution. Let B and 3 denote the OLS estimators of Y on X and Y on XC, respectively.
We have

B=(X'X)'XY
and

f=[(Xo)(xotxeyy
= (C'X'XC)'C'X'Y
=Cc N X'X)'C o' XY
=0 YX'X)'XY
= C 3.
Let M and Mg denote the annihilator matrices associated with X and X', respectively.
Observe that

Mg =1, - XC[(XO)Y(xXxO)H(CX)
=1, - XOIC'X'X0)'C'X’
=1, - XcCcHX'x) ¢t x’
=1, - X(X'X)'X' = M.

Therefore ©« = McY = MY = u; that is, the residuals of both regressions are equal. O

5.2. [3.12, Hansen| A dummy variable takes on only the values 0 and 1. It is used for
categorical variables. Let Dy and Dy be vectors of 1’s and 0’s, with the i'" element of D,
equaling 1 and that of Dy equaling 0 if the person is a man, and the reverse if the person is
a woman. Suppose that there are nqa men and ny women in the sample. Consider fitting the
following three equations by OLS

YI/,L+D16Y1+DQCY2+€
Y = Diag + Dyay + € (
Y=p+Dip+e (3)

—~
N =
— ~—

Can all three equations (1), (2), and (3) be estimated by OLS? Explain if not.
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Solution. Equation (1) cannot be estimated by OLS. Notice that 1,, = Dy + Do, so we have
perfect multicollinearity. This implies that the design matrix X = [ln D, Dg} is not full
rank and hence the moment matrix X’X is not invertible. Therefore, the OLS estimator
(X’X)71X'Y is not well-defined. Equations (2) and (3) can be estimated by OLS, since
[Dl Dg] and [ln Dl] are both full rank. O

(a) Compare regressions (2) and (3). Is one more general than the other? FExplain the
relationship between the parameters in (2) and (3).

Solution. No. Equations (2) and (3) convey the same information. Indeed, since Dy = 1— Dy,
we can rewrite equation (2) as Y = Doy +(1—Dy)as+e = ag+D;(ag —ag)+e. Therefore we
have the relationship y = as and ¢ = as —a;. Note that this is a one-to-one relationship. [

(b) Compute 1, Dy and 1,,Ds, where 1,, is an n X 1 vector of ones.

Solution. Let di; and dy; denote the i" elements of D; and D, respectively. Since the it
element of D; is one only if the person is a man and there are n; men in the sample,

]_,,nDl = Zdh =Nnj.
=1

Analogously, since the i*" element of D, is one only if the person is a woman and there are
ny women in the sample,

]_;LDQ = de = Na.
=1

8. [4.14, Hansen| Take a regression model Y = X + e with Ele|X] = 0 and i.i.d. ob-
servations (AYi’Xi)A and scalar X . The parameter of interest is 6 = B2. Consider the OLS
estimators B and 0 = B2.

(a) Find E[0|X] using our knowledge of E[|X] and V= VI3 X]. Is 0 biased for 6?

Solution. We have that V[3|X] = E[32|X] — E[B|X]? = E[0|X] — 52 = E[0| X] — 6, whence
it follows that E[0|X] = 0 + V; # 6. Therefore 0 is biased for 6. O

(b) Suggest an (approximate) biased-corrected estimator 0 using an estimator VB for V.

Solution. 0% =0 — VB’ where VB is some estimator for the covariance matrix VB' Recall that
Vs = (X'X)"YX'DX)(X'X)"!, where D = diag(c?,...,02). If the squared errors were
observable, we could define an ideal unbiased estimator for Vs as

V/;i)deal — (X/X)fl(lex>(X/X)fl


https://en.wikipedia.org/wiki/Multicollinearity
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and obtain an exact biased-corrected estimator. Indeed,

=1

<ZXX ) (X'X)"

= (X'X) N (X'DX)(X'X)™! = V.

“rideal 2
E[V3*X] = (X'X)~ (ZXXE |X> (X'X)~

But since the errors €? are unobserved, ngeal is not a feasible estimator, so we must resort

to some approximation of Védeal — for example, by replacing the squared errors e? with

the squared residuals é?. In this sense, the suggested estimator o is, in general, just an

approximate biased-corrected estimator for 6. O
(c) For 0% to be potentially unbiased, which estimator for Vs is most appropriate? Under
which conditions is 0* unbiased?

Solution. The HC2 estimator VBch = (X'X)P (>0 (1= hy)t X XTe?) (X'X) ™! is most
appropriate, as it is unbiased for VB under conditional homoskedasticity while remaining

a valid estimator under heteroskedasticity. You can check that under homoskedasticity
E[VBHC2|X ] = V; and hence, when considering the biased-corrected estimator in (b) with

this covariance estimator, E[§*|X] = 6. O

9. [1.20, Hansen| Take the model in vector notation

Y=X3+e
Ele|X] =0
Elee'| X] =

Assume for simplicity that X is known. Consider the OLS and GLS estimators § = (X'X)7' XY
and f = (XS X)IX'SY. Compute the (conditional) covariance between 5 and

E[(6—B)(8—B)|X]. Compute the (conditional) covariance for 5 —j3: E[(3—B)(5— B)|X].
Solution. We know that § — 8 = (X’X) " X’e and § — 8 = (X’S1X) 1 X'S"le. Thus
E((3 - 6)(3 — BY|X] = E[(X'X)  Xee’S X (X'S1X) 1 X]
X)X Elee | X]E LY (X'ELX) 7
X)X X (XX
X)X X(X »ix)!
»!

!/

- (X
= (X
= (X
= (X2

Furthermore, we know that

E[(5 — 8)(5 — B)1X] = (X'X) ' X'EX(X'X) !
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and
E[(5— B)(B - B)|X] = (X'E7'X)~!
Thus
[(B—B)(B—B)IX]=E[((B—8)—(B—B)((B—B)—(B—B))IX]
=E[(3 - B)(B— B)|X]+E[(B - B)(B - B)|X]
—E[(B—B)(B - B)|X] - E[(ﬁ B)(B — 6)’!X]

B2
+

X'ytx)t

10. Consider the model y = x151 + mgﬂg + u, where B and Py are scalars, x; and Ty are
fized vectors, and u ~ N(0,0%I,). Let By be the OLS estimator for By. Compute V[ﬁg] and
show what happens when (xx2)* — ||21]|* - ||z2||>. Comment on this result.

Solution. By FWL we have
By = (zhyMyas) rayMyy = Ba + (¢ Myza) " o, Myu.
Taking the variance we obtain

V[/BQ] == ($/2M1ZE2)_11'/2M1( )Mlxg( 1[L‘2) (IL‘/2M1.I‘2)_10'2

_ -1
= [#4(1, — zy (2h2) 2 we] Tl o? = [ahas — aha (ia) T wias] o
/.27 1 /.27 1
— |l — (@22) ] o2 — [ 2 — (z)22) ] o2,
= el = e
/ 2 A
As (2)22)? = ||z1 || 22])?, |J22|* — (‘T;Tﬁg — 0 and hence V[f5] — oo. O

11. Suppose two researchers are interested in the linear relation between the production of
an agricultural product y and fertilizer z. They have quarterly data on these variables from
m years and a total of n = 4m observations. The researchers are concerned with seasonal
patterns in these variables. Researcher John proposes that first each variable is deseasonalized
in the following way: calculate the seasonal means i1, Y2, Y3, Y, and express each observation
as a deviation from its seasonal mean: y;, = Y, — Yn, where yy, s the value of y for year
t and quarter h, and z}, = 2z, — Z, where zy, is the value of z for year t and quarter h.
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Then regress y* on z*. On the other hand, researcher Robert propoes to regress y on X and
z, where X = (x1, %0, 73, 24) and xy, is the h'" quarter seasonal dummy

1 in quarter h
T = . .
0  otherwise
(a) Show that the two competing methods proposed by John and Robert yield the same esti-
mator for the fertilizer effect z on y.

Solution. Partition data in quarters: y = (y1,¥2,¥s,¥4) and z = (21, 22, Z3, 24), where each
y, and zp, h =1,...;4is m x 1. Let z, = 1z, and y,, = 1y, for h = 1,... h, where 1 is a
m X 1 vector of ones. John estimates

y'=z"f+u,
or
Yi— Y1 Z1 — 7
2oV _|mom| g
Y3 — Y3 Z3 — 73
Yi— Y4 Zy — 24

The OLS estimator for g is given by

A

6 — (Z*/Z*)_IZ*/Y*.
Robert estimates
y=2z0+XB+u
By FWL, 3, = (z'Mxz) 'z’ Mxy, where Mx = I — X(X'X)"'X’. Partition

oo
oo ~=O
o= OO0
= o oo

where 1 and 0 are m x 1 vectors of ones and zeros, respectively. Observe that

1 0 0o 0o 1 00O
o1 0o 0o 01 00
/ —
XX = o 0 1 0|00 10
_0/ O 0o 1/]/0 0 0 1
(11T 00 0'0 00 m 0 0 O
00 1’1 00 00 0O m 0 O
= / / / / = =Iym
00 00 11 00 0O 0 m O
_0/0 00 00 11 0O 0 0 m
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Furthermore,
11’ 00" 00" 00
, _|00" 11" 00" 00
XX = 00’ 00" 11" 00
00’ 00" o0 11’
Therefore
Mxz=2z—-m XX
EA 11 00' 00" 00'] [z
N 20 00" 11" 00" 00'| |z
| z3 00" 00" 11" 00'| |z3
| Z4 | 00" 00" 00" 11'| |z4
kA 111’z Z Im~! Z;nﬂ <41
_ Zy| 7111/Z2 _ Zo 1m~! Z;nzl Zj2
Z3 111 Z3 Im™ Z;n—l 25,3
|74 1117 74 1m™! Z;n_l Zja
_Zl_ _121 VAL Zl
|22 . 122 |22 . ZQ — g
- VA 123 - Z3 23 - ’
_Z4_ _124 Zy 74

where by z; ;, we denote the year-j quarter-h observation. Analogously, Mxy = y*. Therefore

= (z'Mxz) "2 Mxy

= (z'MxM,z) 'z Mx Mxy

= [(Mxz) M,z ' (Mxz) Mxy
= (z

*/ ) 1 */y*_,B

whence it follows that the two competing methods proposed by John and Robert yield the
same estimator for the effect of z on y. O]

(b) Mark instead suggests the intercept could be relevant, therefore they should regress on
1=(1,...,1), X and Z. The researchers comment this would not be a good idea. Why?

Solution. Notice that 14, = X; + Xo + X3 + X4, so if we were to add an intercept we
would have perfect multicollinearity. This would imply that the full design matrix D =
[14m Z X; Xo X3 x4} would not be full rank and hence the moment matrix D’D would
not be invertible. Therefore, the OLS estimator (D’D)~! D’y would not be well-defined. [

(c) Now Mark and Robert are interested in testing the hypothesis that there is no seasonal
pattern in the data. Mark proposes to regress y on X only and test if the coefficient of X
equals to zero. Robert, however, proposes to regress y on X and z and test if the coefficient
of X equals to zero. Which of the two methods would you choose? Ezplain your answer.


https://en.wikipedia.org/wiki/Multicollinearity
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Solution. As z is relevant for explaining y, omitting it from the regression would imply
omitted variable bias. So, in principle, I would prefer Robert’s suggestion. We must, however,
always be aware of the bias-variance tradeoff when deciding whether or not to include new
regressors in a model. O

(d) The research assistant loads the database on Stata. The database contains the variables
Y, T1, To, T3, Tgq, 2 described above. Write the commands he would use to run the regression
Ofy on Ty, T2, T3, T4, .

Solution. regress y xl1 x2 x3 x4 z, noconstant O

12. For each of the following statements, indicate whether it is true or false, and justify
your answer.

(a) The random variable t = V'b is an unbiased estimator of the parameter [3'3.
Solution. False. E[b'b] > E[b]'E[b] = '3, by Jensen’s inequality and unbiasedness of b. [
(b) Since §j = Ny, it follows that y = N~'4.

Solution. False. N has dimensions n X n and rank k. Therefore it is not full rank and hence
is not invertible. O

(c) Since Elg] = E[y], the sum of the residuals is 0.

Solution. False. The sum of the residuals can be written as
1, My = (M1,)"y,

where 1,, is a n-dimensional vector of ones. If 1,, is not in the column space of X, which is
something that could perfectly well happen even though E[g] = E[y], the above expression
may not be zero. One could easily construct several numerical examples. Take, for instance,
X =(21)andY = (4,7). Wehave = (X'X)'X'y =3 and 0 = Y — X = (—2,4).
Therefore Z?Zl u; = 2 # 0. If, however, 1, is in the column space of X (which is the case
when the regression contains a constant regressor, for example), then M1,, = 0 and therefore
the sum of the residuals is necessarily zero. O

(d) If by and by are the first two elements of b, t1 = by + by, and ty = by — by, then
V(ty) > V(ts).

Solution. False. Consider the k = 2 case. We have that V[t;] = V[b1] + V[bg] + 2Cov(by, by)
and V[ty] = V[b1] + V[bs] — 2Cov (b1, by). Therefore V[t;] — V[ta] = 4Couv(by, bz). One could

easily find an example in which Cov(by, by) < 0. Take for instance X = ? 1 and assume
u ~ N(0,I3). We have

(X'X) X = [_11 ‘ﬂ |


https://en.wikipedia.org/wiki/Bias%E2%80%93variance_tradeoff
https://www.stata.com/manuals13/rregress.pdf
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and hence

b=pB+ (X'X) ' X'u= {gj + {_11 —21} {m} :

U2
Therefore,
b1:ﬁ1+U1—U2 and62:52—u1+2u2.
It follows that V[by] = 2, V[be] = 5, V[t1] = V[B1 + B2 +us] = 1, and Vts] = V|51 — B2 +
2uy — 3ug] = 13. Therefore V[ts] > Vt1]. Note that Cov(by, by) = —3. O
(€) The LS coefficients b = Ay are uncorrelated with the residuals e = My.

Solution. In general, this statement is false. However, if we impose homoskedasticity, it
becomes true. Let A = (X’X)7'X’. Assume X to be nonstochastic and let ¥ denote the
covariance matrix of u. Observe that b — f = Au and E[e] = 0. Therefore, the covariance
between b and e is given by

E[(b— B)(e — E[e])'] = E[Aue'] = E[Auu'M’]
= AE[uu'|M
= (X'X)'X'sM
= (X'X)7'X'S(1, — X(X'X)7'X")
= (X'X)'X'Y - (X'X)'X'SX(X'X) X' #£0.

If we impose homoskedasticity, then ¥ = I,,0? and hence

E[(b—B)(e —Ele])] = (X'X) ' X'0* — (X' X) ' X' X(X'X) ' X'o?
= (X'X)'X'0* - (X'X) ' X'0? = 0.

13. Prove Theorem 4.6 of Hansen (2021).

Solution. Different versions of Hansen’s book have different Theorems 4.6. If you considered
the MSFE theorem, the proof is in the text, just above the statement. If you've considered
the Generalized Gauss-Markov Theorem, see the Technical Proofs section of the most recent
versions of the book (for example, the 2022 version). It seems that Theorem 4.5 of the newer
versions is equivalent to Theorem 4.6 of the older versions of the book. O]

14. Prove Theorems 5.4 and 5.7 of Hansen (2021).

Solution. Check Hansen’s book. The proofs are in the text, just above the statements. [




