Statistics 11 Problem Set 4
Professor: Marcelo J. Moreira Solutions
TA: Luan Borelli September 09, 2024

1. The OLS estimator B, minimizes (y — XB)(y — XB). Now, consider the constrained
estimator B, which minimizes (y — XB) (y — XB) subject to R’ = c.

(a) Show that
By = Bo— (X'X)'R(R(X'X)"'R)™ <R’Bn . c) .

Solution. The constrained least squares estimator is

B, = arg Ig/lgiilc(y - XB3)(y — XB)
= arg min (y'y — 2y’ X5 + §'X'XB).

This problem is equivalent to finding the critical points of the Lagrangian

L(5.3) = § ('y — /X5 + FX'XB) + N (RS — o)

over (0, A) where X is a vector of Lagrangian multipliers. The solution is a saddle point. The
Lagrangian is minimized over § while maximized over \. The first-order conditions for the
solution are

%E(Bn, N =—-Xy+X'XB,+R\=0,

and S L(3A) = BB~ e =0
Premultiplying the former by R'(X’'X)~! we obtain
—R'B,+ R B, + R(X'X)"RA=0.
Imposing R'f3, — ¢ = 0 and solving for A we find
M= [R(X'X)'R] ™ (R, — o).
Substituting this expression into the first first-order condition we obtain
B = Bu— (X'X)'R[R(X'X)"'R] " (R'B, — 0),
as desired. O

(b) When errors are homoskedastic, show that

v (Bn|X> v (BH\X) — X(X'X)"'R(R(X'X)"'R) " R(X'X)™! > 0.
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Solution. When errors are (conditionally) homoskedastic, we have E[uv/|X]| = I,,0%. Write
Bn =B+ (X'X)"X'u. Then

V (BalX) =V ((X'X) "' X"ulX) = E[(X'X) " X'ue/ X (X'X) [ X]
= (X'X) ' X'E[u/ | X] X (X'X)™' = (X'X) 'o?

Further, observe that

X)'R[R(X'X)"'R] " (R'B, — ¢)
_@ X)'R[R(X'X)"'R] " R'B, + (X'X)"'R[R'(X'X)"'R] "¢
U— 1RW" IR R)B, + (X'X)T'R[R(X'X)'R] ¢
— I, — (X'X)"'R[R'(X 1mlR’ﬁ+XX)WmM4XXr%UwXXr%T%

:W_QXMRWWX)]l 6+ L, — (X'X)'R[R(X'X)'R] " R)(X'X)"'Xu

J/

~
Conditionally nonstochastic

+(X'X)'R[R(X'X)"'R] ¢,
Conditionall;;onstochastic

Note that, conditional on X, the only stochastic component is the second term. As a result,
the remaining terms can be disregarded when computing the conditional variance. Therefore,

V(BIX) = V(- (XX) TR [RXX) R R)XX) T X )
—E[[l, — (X'X)"'R[R(X'X)"'R]” R)(X'X) "' X ue/ X (X' X)~!
x [L, — (X'X)'R[R(X'X)"'R] " RY|X]
= [I,— (X'X)'R[R'(X'X)"'R] " R)(X'X)" ' X'Euv/| X] X (X'X) !
x [L, — (X'X)'R[R(X'X)"'R] " R
:W—MWPRWMWT%}R%KQ[ — (X'X)'R[R(X'X)"'R] " R0
= [(X'X)7 = (X'X)'R[R(X'X)'R] " R(X'X) [, - R[R(X'X)'R] " R(X'X)"]o?
:MXWH—MXWRWMWWM1R@WWﬁ
— (X'X)"'R[R(X'X)"'R] ' R(X'X) !0
+(X'X)'R[R(X'X)"'R] ™ KXX)%UwXX)%TwaXr12

Identity
= (X'X) 0 —(X'X)'R[R(X'X)'R] ' R(X'X)'o?
—
V(3IX)

Therefore,

VO%X)—V@@@:w%XXY%QﬂXXY%YuﬂXXYI
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as desired. To verify that this matrix is positive semidefinite, simply note that
F(X'X)"'R(R(X'X)"'R) ™ R(X'X)™"
— UQ(X/X>71/2(X/X)71/2R (R/<X/X)fl/2(X/X)fl/2R>_1 RI(XIX)71/2<X/X>71/2
= 0*(X'X) V¥ Niyrxy-125(X'X) 72,

where

_ _ -1 _
Nixixy2p = R(R(X'X)"V*(X'X)™?R) R(X'X)™/?

is the projection matrix of (X’'X)~'/2R. Since V <Bn|X> -V (Bn|X> is a sandwich form in

a positive semidefinite matrix,! it must be positive semidefinite. O

2. Suppose that

Yi = Bl + eXp(l’iﬂg) + U;,
where (x;,u;) are iid with Elu;|z;] = 0 and Vwl|z;] = 2. We find the estimator Bn for
B = (B1, Ba) by minimizing

n

Qn(B) = Z(yi — B — exp(zifa))”.

Find the asymptotic distribution of \/ﬁ(Bn — B).

Solution. To simplify notation, let h(z;, 3) = B1 + exp(z;f2). The first-order conditions are
i=1

= —Qii pr(;&)xi} lyi — B1 — exp(z;2)] = 0.

A first-order Taylor expansion of V3@, (/) around the true parameter value 5* = (57, 53)
gives us

~ ~

0= vﬁ@n(ﬁ) ~ VﬁQn(ﬁ*) + vﬂﬂ’Qn(ﬁ*)(ﬂ - 6*)7 (1)

where the Hessian matrix Vg Q),,(5*) is given by

=1

i=1
B = [0 0 - 1 exp(x;fs)x;
=2 ; [0 eXP(%’@)x?} [y = hi@: )} + 2; {eXP(l‘z‘Bz)l‘z‘ exp(xzﬂ;)?x? '

'Recall that every projection matrix is positive semidefinite.
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We can multiply (1) by y/n and isolate \/ﬁ(ﬁ — [3*) to obtain
- {;vw@nw*)] Vi [ﬂﬁ@nw*) - E[9,Q.5)|.

where the last equality follows from multiplying and dividing the expression by n and using
the fact that E[VQ,(6*)] = 0. This holds because VQ,(5*) = —2>"1" | Vgh(z;, B)u; and

Now, by the law of large numbers and the continuous mapping theorem, we have that

-1
Q)| B2V 8 b )]+ 253 o ) (i, 5]

=0

—2V55/h($i, ﬁ) %—FQE [Vﬁh($z, 5)Vgh(l’z, ﬂ)/]]

- %E [V sh(zs, B)Vsh(w:, B)] " (2)

B Efexp(ef)a]
J | )

—5[ Elexp(rifh)xi] Elexp(eify)%?

Furthermore, by the central limit theorem,

V| V3@u(5) - E[V,@Qn(ﬁ*)]} % Z ~ N (0,4E [}V sh(zi, /)Vsh(zi, 5)]) @)
(LIE) = N (0,4E [0V sh(zs, 8)V sh(z:, 8)])

- (0’402 [E[exp(ii@)xi] E[[ezgj(gzlﬂ%)xlj]}) - 0

Therefore, from (2) and (4), by Slutsky’s theorem,

E [Vsh(zi, )V sh(xi, )] Z

l\DI»—

NOCEERE

N(0,E [Vsh(z:, 8)Vsh(zs, 8] E [uiVsh(z:, B)V sh(zi, 6)'| E[Vsh(s, B)V (i, 5)]7):

(6)

Or, more specifically, using (3) and (5),

) 1 Elexp(z;f2)2;] B
N<O’U |:E[6Xp($iﬁ2)$i] E[eXp(xi62>2x?J

x[ L Efexp(x zﬁMH 1 Elexp(x Zﬁzm]
Elexp(e;f)e:] Elexp(eif)?a?]] |Elexp(zifa)as] Elexp(z;fa)2a?)



Statistics 11 Problem Set 4 - Page 5 of 20 September 09, 2024

- ) 1 [exp( 162)1;1]
_N<O’U { Elexp(zifa)zi] Elexp(z:fs)*® ’2]] )

0.2

_ [eXp( 162)2 22] [exp( 152)1;1]
_N<O Elexp(zif2)%x7] — [eXP(SUz'@E)SL’i]z{ Elexp(x;2) ] 1 } )

Notice that the asymptotic distribution obtained in (6) is quite general for nonlinear least
squares estimators, holding for any nonlinear function h satisfying standard regularity condi-
tions. The above expression is simply a specialization for the case h(x;, 8) = 81 + exp(x;fs)
under homoskedastic errors. O

3. [17.2, LLNs| Consider the model
yi = [(x;8" 4+ u; > 0),

where 5* is the true parameter and (x},u;) are iid with u;|x; having a N(0,1) distribution
with cdf ®.

(a) Find Ely;|z;; ], the conditional expectation of y; given x;.
Solution. The event y; = 1 is the same as z,8* + u; > 0. Thus
Ply; =1 | x;] = Pl8" +w; > 0 | ;] = Plu; > —25* | =]
=1-Plu; < —a;8" | 2] = 1 = &(—a;5") = (7).
Therefore
Elyilas; f] = @(23687) - 1+ [1 — (2787)] - 0 = (2357).
[

(b) Find Vy; | x;; B], the conditional variance of y; given x;. Hint: y; is a Bernoulli random
variable.

Solution. Observe that the event y? = 1 is also the same as x}3* + u; > 0. Therefore just as
in (a) we have E[y?|x;; 8] = ®(2;8*). It follows that

Vlyilzi; 8] = Elyf|ai; B] — Elyilwi; 5]
= O(2;8") — D(2;8")*
= O(z;87)[1 = O(;57)].

(c) Consider the estimator  which minimizes

n

Z(% — Elyilas, B])*.

i=1

Find the limiting distribution of v/n(f — 5*).
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Solution. Notice that since Ely;|z;, 8] = ®(}8), B can be understood as a nonlinear least
squares estimator with h(z;, 8) = ®(3) for a Probit model y; = ®(2;5) + e;. Therefore,
applying the results from Exercise 2 for the asymptotic distribution of nonlinear least squares
estimators,

Avar[B] = Elhgihly] "Elhgihiyef|Elhsihis]
where hg; = Oh(z;, 5%)/0B. For h(z;, ) = ®(x}5) we have
hgi = wip(x;87).
Thus, by observing that V [yl 8] = Vlei|ais 8] = D(a8)[1 — d(a16%],
V(B — 87) 5 N(0,Elg(x8") wsa)) " Elo(x)8") e aa|E[p(«}8) wial) )
(LIE) = N(0, E[(x;8") w:a] T Eo(2;8")*V yslws; 87|z} E[(2787) wial] )
= N(0, E[g(a;8") xsaf] ' Elp(2i8")* (278" [1 — @ (28" zsa|El¢(a78)  ziai] ).
[

(d) Consider the estimator § which minimizes

— (yi — Elys|a:, B])°
,L-Zl Viyilzs 684

Find the limiting distribution of \/n(f — 5*).
Solution. Observe that

" (y; — Elyilzs, 8])° ( i B HM%ﬁ]>2
Z Vyilz:; 8] _Z Viyilas 8142 Vig|ag; 8142 )

i=1 =1

In a similar fashion to what was done in item (c), /3 can be understood as a nonlinear least
squares estimator for a rescaled (by V[y;|z;; 3*]*/2) Probit model

v __ ®@p)
Viyiles 84772 Vgl 872

+&;.

This is equivalent to
yi = ©(2}8) + Vyilas; 671" %e:.
Thus from (c) we have the relation e; = V[y;|z; 5*]'/?¢;, whence it follows that
V(B — B) 5 N0, E[p(x8) wal) Elp(x)8%)?V [yilws; 5 2aa | Elo (26" 2w 7).
But notice that Vie;] = Ve /V]yi|zi; %] = V{yilxs; B*]/V [yilxi; 85] = 1. Therefore by LIE
V(B — B7) 5 N0, Elg(a8°)2xial] Elp(x}5)?V [yilwi; Bl Elg(2)5*) axl) )
= N(0, E[p(a;3") wsa;) T Elp(2;5°)* @ (2;6°)[1 — (2] 8)|E[p (i3 ) i) ).

This is exactly the same asymptotic distribution obtained in item (c). O
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(e) Compare the asymptotic variance ofB and 3. Explain your answer.

Solution. The asymptotic variances of 3 and 3 are exactly the same. Division by V{yi|xi; 5]
just provides a useful normalization that makes the error variance unitary. O

4. [17.3, LNs| Suppose that the logistic, rather than probit, model applies. So Ely|X]| =

G(2'0), with G(a) = li’;ip (- Show that the ZES-rule estimator ¢ satisfies X'u = 0, where

u = {u;} with u; =y; — G(x}c).

Solution. In a logistic model, y; is a binary random variable that takes the value 1 or 0.
Therefore, its distribution follows a Bernoulli distribution with the conditional probability
mass function being

fyilzi) = Gi0)"[1 — G(i0)]'

Thus
In f(yi|z:) = yIn G(zi0) + (1 — y) In (1 — G(z0)) .

The score is then given by
G’(Jfé@) SR G'(i0)
' G(a) — G(z;0)
G'(x
G(

(9

) s <>]
216) (1 - G(9)]

But notice that

exp(x0)x; exp(z;0)

G = T opapp ¢ CEO =GOl = g
Thus
Gy
Gph - Glag) "
whence

0
50 In f(yilz:) = xi[ys — G(20)].

The ZES-rule estimator ¢ is obtained by setting the sample analog of
Elzily: — G(zic)]] = Elzsu]

to zero and solving for c. That is, the ZES-rule estimator solves

n

-1

n g zu; = 0,
i=1

or, equivalently, by letting X = (x1, 2, ..., z,) and u = (uy, ug, ..., uy),

X'u=0.
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5. [18.1, LNs| This question is about the GMM estimator. Define

1 & L1
=1 =1

where A, 2 A and 0 € R.
(a) Rewrite the proof done in class that the GMM estimator is asymptotically normal for the

case 0 € RF: A
Vi, — 0) L N (0, (T)AT) "' Ty AV, AT, (THATy) )

where T = E [29(X;,0)] and Vo = E [9(X;,0)g(X;,0)].

Solution. Being an interior solution to the problem of maximizing Q,,(6), § satisfies the first
order conditions

( ZVQgXZﬁ)I ( Zg 0 ):0. (7)

i=1

Assuming ¢ is C*, a first-order Taylor series expansion of n=* Y7 | g(X;, é) gives us

nt Zg(Xi, é) ~nt Zg(Xi7 6o) + <n1 Z Vog(X;, 90)> (é —b),
i=1 i=1 i=1

so that, plugging back this expression into the first-order conditions,

( ZV(;g X;,0 ) ( Zg X;, 0, )
— (nl Z Vog(Xi, é)) A, <n1 Z Vog(Xs, 90)) (é — ) =

i=1 =1

Multiplying the above expression by y/n and solving for \/ﬁ(é — 6p) we obtain
V(0 —6p) ~ — [(nl > Vog(Xi, é)) Ay (nl > Vog(Xi, 90))]
i=1 =1
n . / 1 n
-t X; A, | — X; .
X (n > Vagy( ”9)> n (\/ﬁ ;g( 1790)>

-1

i=1

By the law of large numbers we have that

n! Z Vog(Xi, é) 5Ty and nt Z Vog(Xi, 0o) % Ty,

i=1 i=1
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where T'g = E[Vg(wy; 6p)]. Further, by the central limit theorem we have that

n

1
NG S g(Xi, 00) 5 N(0, Vo),
i=1

where Vy = E[g(X;, é)g(Xi,é)’]. Finally, by hypothesis, we have that 4, 2 A, so by the
continuous mapping and Slutsky’s theorems we conclude that

V(@ = 80) % (THATo)'ThA - N(0,V0) = N (0, (ThATo) ' THAV AT (THATo) )

as desired. m

(b) Show that A minimizes the variance based on the limiting distribution of /n(0, — 0) is
A=Vt

Solution. When A = V!, the asymptotic variance reduces to (I'jV; 'To)~t. We want to
show that for any A,

(THAT) ' THAVR AL (T ATg) ™! — (TpVy 'To) ™! = 0,
where “>” denotes “is positive semidefinite”. Recall that for matrices F' and G,
G-Fr0<+< F'-G'=0.
Therefore, we can alternatively show that
Vi 'Ty — Ty AT (T AV ATy) T AT = 0.

By taking the matrix square root of V; ' and wisely pre- and post-multiplying terms by
Vofl/ ? and Vol/ ?_ the left-hand side of the expression above can be rewritten as

F6‘/0—1/2‘/0—1/2110 o FE)VO—UQVJMAFO(FE)AVOAFO)_1F6AV01/2V0—1/2F0
= TV Y[ = V2 AT () AVo AT o) ') AV, 2V, /2T,

—1/2 —1/2

= (Vg "/T0) Myase pp Vo T,
where Mvol/QAFO =1- Vbl/?AFO(FE)AVOAFO)AF{)AV(]Uz is the annihilator matrix of Vol/QAFO,
which is positive semidefinite.? Thus the expression is a sandwich form in a positive semidef-

inite matrix; whence it follows that it must be positive semidgﬁnite.S This concludes the
proof that A = V; ' minimizes the asymptotic variance of \/n(6, — 0). ]

2Recall that annihilator matrices are always positive semidefinite.
3Not satisfied? Let H = ‘/071/21“0. Then the expression becomes H/le/QAFOH' Or, using the idem-
0
potency and symmetry of the annihilator matrix, HM,,1/» AT, (HM,,1/2 AFO)’ . Now, for any z we have
0 0

! 1 — 1,012 . o . .
z HMvol/zAFO (HMVUWAFO) z= ||MV01/2AFOH z||* > 0, proving the positive semidefiniteness.
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6. [18.2, LNs| Consider the population model y = X + u, where E(u|X) = 0. Show that
the OLS estimator can be seen as a GMM estimator.

Solution. Partition X = (z;,...,,) and consider the R* — R* moment function g(z;, 3) =
x;(y; — «}). This moment function yields k valid moment conditions for the k-dimensional
parameter vector 5. Indeed, since y; — ;8 = u;, by the law of iterated expectations we have

Elg(zi, 8)] = Elzi(y: — 2i8)] = Elzju] = E[2;E[u;| X]] = 0.
The sample analog for the £ moment conditions above is

nt Z zi(y; — 7}B) = 0.
=1

Rearranging,

i=1 i=1

Isolating B ,

n -1 5
5 = (Z szi) Z LilYis
i=1 i=1

or, equivalently, in matrix form, )
ﬁ — (X/X>71X/y,
which is precisely the OLS estimator. [

7. [18.4, LNs| Suppose that you have k unbiased estimators of a parameter 0:
1< ,
Tj = EZQ](XJ:] = 1a"'7k7
i=1

where X; are iid random variables. Let V be the k X k covariance matriz for /nT, where
T = (T\,...,T). Assume that V is known and nonsingular.

(a) Find the estimator with minimum variance among the class of unbiased estimators of
the form a'T' = 2?21 a;T;.

Solution. First, notice that unbiasedness of a”T" implies that we must have

E[a'T] = Zk:aj]E[Tj] = (i aj) 0 =0,

J=1 J=1
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whence it follows that we must have Zle a; = 1. Let g(X;) = (91(X3), g2(X0), - - -, gi(X5))-
We want to minimize

VdT] =dV

nt Z g(XZ-)] a
—d (n_2 Z V[g(X,-)]) a

a'Vig(Xi)la

k

subject to the unbiasedness constraint 1'a = ijl

of ones. That is, we want to solve the problem

a; = 1, where 1 is a k-dimensional vector

/ .
minM st. 1Ta=1.
a 2n

The Lagrangian for this problem is

a'VIg(Xi)la

L(a,\) = o

+A[1—1d].
The first order conditions are

nVig(Xi))a — A1 =0,
1—1a=0.

The former condition yields @ = nAV[g(X;)]"*1, while the latter 1’a = 1. Thus,
1a =n\1'V[g(X;)] "1 =1,

whence

Therefore,

Vig(Xy)] "1

UVig(X;)~'1

The estimator for # with minimum variance among the class of unbiased estimators of the
form a'T is then

a =

1V [g(Xy)] ™
'Vig(X;)]'1

0=
O

(b) Show that the estimator in (a) coincides with the GMM estimator based on k moment
conditions E[g;(X;) — 0] =0, j=1,... k.
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Solution. The (optimal) GMM estimator based on the £ moment conditions E[g(X;)—16] = 0
solves the problem

mm— ( 12 - 19) Vig(X;) — 16! (n_l Z[g(Xl) — 19])

= mein% (”_1 Z[Q(Xz) - 19]) Vig(Xi)™ (”_1 Z[Q(Xz) - 16]) :

i=1 i=1

The first-order conditions for an interior solution of this problem are

0= (n_l Z[‘H) V[Q(Xi)]_l (”_1 Z[Q(Xz) - 1é])
= —1'V[g(X,)] ( ‘129 - 19)
= —n"1'V[g Zg )+ 1'V[g(X,)] 16,

whence

VV[g(X)] 7110 = 1'VIg(X)] ' Y g(X) = VV[g(X,)] 7T,

i=1
and hence

1'V]g(Xy)]™

) T

8. Assume that X; are iid with marginal density g(x;,0).

(a) Find the score based on the joint density.

Solution. Since X; are iid, the joint density is given by

n

L(X;,0) = Hg(azi, 9).

i=1

Taking the natural logarithm,

In L(X;,0) = Zlng (4,0
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The score based on the joint density is then given by

9
%mL X;,0) = Z%lng z;,0

]

(b) Consider the GMM objective function in which you include the moment based on the
score, E[0In g(x;,0%)/00] = 0 and additional moments E[h(z;,0%)] = 0.

Solution. Define the moment function

p(:,0) = {Wf?xg(z) 0)} ’

where Vg 1In g(z;,0) is a k x 1 score vector and h(z;,0) a ¢ x 1 vector of additional moment
functions. This gives us a set of moment conditions

Elp(x,0)] = {E[Eflf(lgi%’]e)]] »

that can be used to establish a GMM objective function by considering the sample analog

v “IS Veln gz, 6)
=n! x;,0) = {n _Z:Z_ln o9 o
;p( ) n 121‘:1 h(z;, %)

and defining
Qn(0) = pu(0) Wopa(9),

for some consistent, positive semidefinite, weighting matrix W,,. m
(c) Compare the asymptotic variance of the GMM estimator with that of the MLE estimator.

Solution. From 5(a), the asymptotic variance of the GMM estimator is given by
(THAT) ' Ty AVo ATy (Ty AT) ™Y,

where 'y = E [Vyp(z;,0)] and Vo = E [p(x;,0)p(x;,0)']. And, as we know, the asymptotic
variance of the MLE estimator is given by the inverse of the Fisher information matrix,

T ' =E[Velng(z;,0)Ve Ing(z;,0)] "

Observe that

Vo

sty s s

_ {E[ oIng(x;,0)Ve Ing(z;,0)] E[Vy 1ng(xi,0)h(xi,9)’]]
E[Vylng x,,@)h(wi,ﬁ)’] E[h(x;, 0)h(z;,0)]
[ C[Vy lng(xi,Q),h(xi,O)]]
ClVelng(x;,0), h(x;,0)] Vh(x;,0)]
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and that

Ty = [Eg%}z(gx%ﬁ)]] = {E[V(;;Léﬁue)]}

As discussed in Exercise 5(b), when the optimal weighting matrix A = V' is considered,
the asymptotic variance of the GMM estimator simplifies to (I)V; 'T'g) ™!, whence

(Vo 'To) ™

, , I C[Volng(z;,0), h(z:,0)]] -7
= [z Hﬁvyh@%eﬂ}{Cﬁhlmg@méyhﬁmﬁﬂ [ﬁh@meﬂ } hﬂvmhgmen}'

Without loss of generality, let kK = ¢ = 1. In this case # is a scalar parameter, and hence Z,
Volng(z;,0), and h(x;,0) scalar functions. Then we can compute the above expression by
hand to obtain

Vh(x;,0)]Z — C[VgIng(x;,0), h(z;,0)]?

oV o = e BT+ 20190 W (.. 0). Al OEIV (.. 0] + BV, 0>]QI_(1>
8

= FT7'.

From this expression, we can see that under the optimal weighting matrix, the asymptotic
variances of the GMM and ML estimators are related through the term F'. It is evident that
when F' = 1, the asymptotic variances are the same. In the next section, we will show that
a sufficient condition for this equality to hold is that the likelihood is correctly specified. [J

(d) What happens with item (c) if the likelihood is correctly specified?

Solution. When the likelihood is correctly specified — that is, when the data z; is indeed
generated from a distribution with marginal density g(x;,0) — we have the identity

ozmm%mn:/m%mm@ﬁmm.
Differentiating this identity, assuming differentiation under the integral is allowed, gives
0= /h(azi, 0%)g(x;, 0%)dx;
/Vg x;,0%)g(x;, 07 )dx; + /h(a:i, 0 )YV g(x;,0)dx;
= E[Voh(z;,0")] + E[h(z;,0") Ve Ing(z4,0")].
Thus,

E[Voh(x;,0")] = —E[h(x;,0")Ve Ing(x;,0%)] = —C[Vglng(x;,0), h(z;, 0)].
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The term F' in (8) then simplifies as
VIh(zi,0)]Z — C[VeIng(z;,0), h(x:, )]
[h(z,0)|Z + 2C[Vglng(x;, 0), h(z;, 0)|E[Voh(z;,0)] + E[Voh(z;, 0)]2
Vh(x;, 0)|Z — E[Vgh(z;,0)]?

F =
7

VIh(z;, 0)| — 2E[Vh(x;,0)]? + E[Voh(z;,0)]?
Vh(z;,0)]T — E[Voh(z;,0)]?

-~ VI, 0)]T — E[Voh(z;,0)]

=1.

Therefore, the expression for the asymptotic variance of the GMM estimator obtained in (8)
simplifies to

(TyVy'iTy) P =771

In other words, the asymptotic variances of the GMM and ML estimators become identical.
This is expected, as it is possible to show that:

1. The maximum likelihood estimator is the most efficient estimator in the entire class of
GMM estimators [see Newey and McFadden (1994), Theorem 5.1, for a proof]

2. Including additional moments in a GMM specification never hurts (i.e., never increases)
the asymptotic variance of a GMM estimator [see Hall (2005), Theorem 6.1, for a proof|

A logical consequence of these two facts is that if a correctly specified score is included
in the moment conditions, the asymptotic variance of the resulting estimator must be the
inverse of the Fisher information matrix. Since a correctly specified score contains all the
relevant information from the data, any additional moment condition is informationally
redundant. O

9. Consider the moment conditions

The observations X, are 1id.

(a) Find the asymptotic variance of the GMM estimator based on the weighting matrix
W, —W.

Solution. Let g(X;,0) = (X; — 0,(X; — 0)3). As derived in Exercise 5, the asymptotic
variance is

(ToW o) TTyWVoWTTo(TyWTo) ™,

where

Io=E {%Q(Xu@)] = [_3]E[()_(j— 9)2]] - [—_3!1!2] ’
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and
V= V{ X;—0 } _ {E[(Xz‘ —0)’] E[(X; —9)4]} _. {M M41
T X =0 [ENXG - 0)Y) E[X—0)°]] 7 [u s
W is some generic limiting positive semidefinite weighting matrix. O]

(b) Find the asymptotic variance of the efficient GMM estimator.

Solution. For the efficient GMM estimator, we must impose the optimal weighting matrix

1 _
W:%—1:—2|:,u6 M4:|
Hafte — fy | ~H4 M2

As discussed in Exercise 5, in this case the GMM asymptotic variance simplifies to

1 _ 1\
F/ V—ll—\ —1 _ ( _1 _3 |: /'1’6 ,LL4:| |: :|)
(Fo¥oTo) [ pa) fiote — 13 | —Ha  f2 | | =32

1 11\
—  [—ug+3 _ 3,2
(uzucs—ui[ Ho = Stiatta pia = 31 {—3%])

(M6 — Bpopiy + 9#3) - _ [i2fte — 13
fhats — 143 fie — Gpiofis + i

]

(c) Show that the asymptotic variance of the (efficient) GMM estimator is smaller or equal
than that based only on E[X; — 0] = 0. Explain why they are equal when X; are normal with
mean 0.

Solution. As discussed in Exercise 8(d), more information never hurts. The elements of the
population moment condition can be viewed as pieces of information about 6. It can be shown
that for a ¢ x 1 moment function g(X;, @), and any partition g(X;,0) = (91(X;,0), g2(X;,0)),
where ¢;(X;,0) is ¢; x 1 and ¢; + ¢2 = ¢, a GMM estimator based on the full set of moment
conditions E[g(X;, 0)] = 0 will always have an asymptotic variance that is at least as small
as that of a GMM estimator based on a subset of moment conditions, E[g;(X;,6)] = 0.
In particular, consider the efficient GMM estimator based solely on the moment condition
E[X; — 0] = 0. For this case, we have Iy = —1 and Vy = E[(X; — 0)?] =: py. Thus, the
asymptotic variance simplifies to ps. This result implies that we must have

2
H2fbe — Hy - < i,
e — Gpizpis + 9ps

Indeed, rearranging we obtain
Oty — Opiypia + p15 = (3pa — ") > 0.

The fact that more correct information never hurts does not imply, however, that it always
helps. When additional moment conditions are redundant, there is no efficiency gain from
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adding them to the original set of moment conditions. To illustrate this, consider the case
where X; ~ N(6,0?). In this case, we have that

2

M2 =0
fig = 30*
e = 150°.
Thus
Uafle — 42 _ 150% — 908 6o® )

116 — Opioia + 93 1500 — 1806 1+ 906 606 1%

Therefore, when X; is normally distributed, adding the third central moment to the moment
conditions does not provide any efficiency gain. This is a latent implication of the symmetry
of the normal distribution: symmetry implies that all odd central moments contain the same
amount of information about the distribution. Thus, the third central moment is redundant
relative to the first central moment. O

10. Consider the moment conditions
The observations X; are iid and the variance of g(X;,0) is the matriz V(0). Let 0, be a

preliminary consistent estimator of 6y. Assume W(0) = V(0)™! is a differentiable function
i a neighborhood of 0.
(a) Show that

i=1

W, (0) = <n—1 Zg(Xi,G)g(Xi,H)'> Zve) .

Solution. By the Law of Large Numbers,
Zg(Xi, 0)g(X:,0) = Elg(X;,0)g(X;, 0)] =: V(6).
i=1

Thus, by the Continuous Mapping Theorem,

(Z 9(Xi, 0)g(Xi, 9)'> 2oy (6)7,

(b) Argue that W,(8,,) converges in probability to V (6y)~".

Solution. Consistency of 0, implies 6,, = 6. Since W (0) is differentiable in a neighborhood
of 6y, it must be continuous at that point. The continuous mapping theorem then implies

Wo(0,) L W () = V(6p)~".
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(c) Consider three alternative estimators
01 = argmin g, (0)' W (0.)ga (0),
0 = argmin g, (0)' W (60) 30 (0),
0 = arg min g, (0) W (0)3.(0).

Assuming all three estimators are consistent, show that all three standardized estimators
Vn(b; — 6y) have the same distribution. Find that distribution.

Solution. For 6; and 92, the proof follows the same steps as presented in Exercise 5(a). For
the third estimator, the continuously updating estimator, the first-order conditions become*

2 lnlzveg (X"’é?’)] Wnlt) [WZM@] - [%] W) @ W ()]

X vec [(n_l Zg(Xi, é3)> (n_l Zg(Xi, é3)>

Furthermore, since X, are iid, it can be shown that

= 0.

d vecW (f3)~!
ol

oo’

=t Z {[I ® g(X;,0)] + [g(X;,0) @ I}

Notice that the first term in the sum of the first-order conditions is similar to the first-order
conditions for a non-CUE criterion, such as those presented in (7) in Exercise 5. Therefore,
a sufficient condition for the asymptotic equivalence of CUE and non-CUE estimators is
that the second term converges in probability to zero. Under this condition, the CUE first-
order conditions will reduce to the usual non-CUE first-order conditions. Without loss of
generality, consider the scalar case. In this scenario, it can be shown (see Donald and Newey,
2000) that the second term simplifies to®

Ea(0) = (”_1 Zg(Xi,é3)> Wi, (63) (”_1 Zg(Xi,ég)ngg(Xi,é3)> W (05) (n_l ZQ(X¢,93)>

But notice that, assuming consistency (i.c., assuming 05 = ), by Slutsky’s theorem this
terms converges in probability to

=(bh) = E[g(X, 90)]/ W (60)E[g(Xi,60)Veg(Xi, 00)]W(6y) Elg(X;,00)] = 0.

=0 =0

4See Hall (2005), p.116. These equations can be derived using Dhrymes (1984). See Proposition 99,
p-115, and Proposition 106, p.124.

5When 6 is a vector, then this expression is a valid expression of the first-order condition for a single
element of § where the derivative terms would involve derivatives for a particular element of the 6 vector.
Consequently this expression and all of the results to follow can easily be obtained in the case where 6 is a
vector.
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With this result, deriving the asymptotic distribution of the CUE becomes straightforward.
The first-order conditions are

2 [nl > Vog(Xi, ég)] W, (63) [nl Z 9(Xi,03) | —E2,.(0) = 0.

i=1

Following 5(a), a first-order Taylor expansion of > | g(X;, ég) around 6, allows us to write

Vn(fs — bo) ~ — [(nl > Vag(Xi, é3>) W, (0) (n‘l > Vg(Xi, %))]

=1 i=1

X (n—1i21V99(Xi,é3>> Wn(é) (%;g()ﬁ,@d)
—vn [(n_l Zveg(Xi’éZi)) Wa(6) <n_1 Zveg(Xz‘,Qo))] Z.(0).

As we known from 5(a), assuming consistency of 03, the former term converges to a normal
distribution with its asymptotic variance being equal to

(TOW (60)T0) ' TEW (00) VoW (0)To (TG W (66)To) ™"
= TV o) T4V oV T (TVy ) !
= (F()V;Jilro)ilv

while the latter term, as argued before, converges to zero. Therefore,
V(s — 6) % N(0, (TyV; 'To) ™),

concluding the proof. O

(c) Show that R . . . X
nGn(61) Wi (00)gn(01)  and  ng(03)'Wn(0)gn(0s)

converge in distribution to a chi-square with d — k degrees of freedom. This is the Sargan-
Hansen J-test: it rejects when the statistic above is larger than the 1 — a quantile of a chi
square with d — k degrees of freedom. Arque that this rejects more when there is no 6y such

that E[g(X;,0)] = 0.

Solution. A first-order Taylor expansion of §,(6;) around 6, gives
9n(01) = §u(00) + Vgn(00) (61 — bo).

Plugging this expression into the first-order conditions we obtain

0= VQu(0h) ~ Vg (01) W, (0,)[9n(00) + Vdn(00) (01 — 60)],
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whence it follows that
. . _ —1 . .
91 - ‘90 ~ — [VH.gn(el)lwn(en)VGQn(eo)] Vegn(91>/Wn(6n)gn(60)

Plugging this expression back into the initial Taylor expansion equation we can write
\/ﬁgn(él) ~ []d - V9§n<00)[vegn(él>/Wn(én)Van(QO)]_lvegn(él)/Wn(én)}\/ﬁgn(QO)
Under standard regularity conditions, the term inside brackets converges in probability to
Iy — Do[DpVy ') TRV and +/ngn (6o) 4~ N(0,Vp), whence it follows, by Slutsky’s

theorem, that
Vinga(6y) < (I = To[ToVy ' Tol " ToVy e,

Therefore

~

19 (01) Wi (0)Gn (01) = /10 (01) W (0,) /7 (01)
% €Ly — Do[TpVy  To] T Vo )V ha — TolTg Vg Lol Ty Vs e
= €'[1g — Vg 'To[TyVy 'To] ' Th]Vy Ly — DolThVy T T V4 e
= Ve — Vg T[T Vg T TV e
= (Vo %€ [1g — Vo *To e Ve To) T TV 2V e

= (Vg "2€) My1sap, (V 17%€)

- Z/MQ—l/QGZ,
where Z ~ N(0, I;). Spectral decomposition on MVO—1/2 o gives
Z,MVO—1/2FOZ =Z7'HANH'Z = (H'Z)'AH'Z

where A is the diagonal matrix of eigenvalues of MV—1/2FO and H is such that H'H = I,.
0
The latter implies H'Z ~ N(0, I). Since MV—1/2FD is an annihilator matrix, it has d — &
0
eigenvalues equal one and k eigenvalues equal zero. Thus we can write

Id—k 0

00 W Br)an(0) = (12 [+ ] iz

Let w = H'Z and partition w = (wy,ws)’, where wy ~ N (0, I;_x). It follows that

wq
%)

— /A =~ _ A Id—k 0
0 O W B = a5 ug) | 5+ ] 1] = o~
concluding the proof. Using the same arguments as in part (a), this proof can be easily
adapted to obtain the same result for #3, the continuously updating estimator. It suffices to
replace the first-order conditions for the CUE first-order conditions into the argument and
use the fact that the additional term will converge in probability to zero, as demonstrated

in part (a). The remainder of the proof remains unchanged. O




